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Abstract It is well known that entanglement of formation (EOF) and relative entropy
of entanglement (REE) are exactly identical for all two-qubit pure states even though
their definitions are completely different. We think this fact implies that there is a veiled
connection between EOF and REE. In this context, we suggest a procedure, which
enables us to compute REE from EOF without relying on the converse procedure. It is
shown that the procedure yields correct REE for many symmetric mixed states such as
Bell-diagonal, generalized Vedral-Plenino, and generalized Horodecki states. It also
gives a correct REE for less symmetric Vedral-Plenio-type state. However, it is shown
that the procedure does not provide correct REE for arbitrary mixed states.

Keywords Relative entropy of entanglement - Entanglement of formation - The
closest separable state

1 Introduction

Entanglement of formation (EOF) [1] and relative entropy of entanglement (REE)
[2,3] are two major entanglement monotones for bipartite systems. For pure states
p = |¥){(¥], the EOF Ep(p) is defined as a von Neumann entropy of its subsystem
pa = trpp. On the contrary, REE is defined as minimum value of the relative entropy
with separable states;
Er(p) = mintr(plnp — plno), (1.1)
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where D is a set of separable states.! Tt was shown in Ref. [3] that Eg (p) is a upper
bound of the distillable entanglement [1]. The separable state o, which yields a
minimum value of the relative entropy, is called the closest separable state (CSS)
of p. Surprising fact, at least for us, is that although definitions of EOF and REE
are completely different, they are exactly same for all pure states [3]. This fact may
indicate that they are related to each other although the exact connection is not revealed
yet. The main purpose of this paper is to explore the veiled connection between EOF
and REE.
For mixed states p, EOF is defined via a convex-roof method [1,7];

Er(p) =min D piEr(p), (1.2)

where the minimum is taken over all possible pure-state decompositions with
0<pi <1land Zi pi = 1. The ensemble that gives the minimum value in Eq. (1.2)
is called the optimal decomposition of the mixed state p. Thus, the main task for
analytic calculation of EOF is derivation of an optimal decomposition of the given
mixture. Few years ago, the procedure for construction of the optimal decomposition
was derived [8,9] in the two-qubit system, the simplest bipartite system, by making use
of the time-reversal operation of spin-1/2 particles appropriately. In these references,

the relation
1+/1=-C?
EF(C)=h (%) (1.3)

is used, where 4 (x) is a binary entropy function 2(x) = —x Inx — (1 —x) In(1 —x) and
C is called the concurrence. This procedure, usually called Wootters procedure, was
re-examined in Ref. [7] in terms of antilinearity. Introduction of antilinearity in quan-
tum information theory makes it possible to derive concurrence-based entanglement
monotones for tripartite [10] and multipartite systems [11, 12]. Due to the discovery of
the closed formula for EOF in the two-qubit system, EOF is recently applied not only
to quantum information theory but also to many scientific fields such as life science
[13].

While EOF is used in various areas of science, REE is not because of its calculational
difficulty. In order to obtain REE analytically for given mixed state p, one should derive
its CSS, but still we don’t know how to derive CSS [14] even in the two-qubit system
except very rare cases [3,16,17]. In Ref. [16], REE for Bell-diagonal, generalized
Vedral-Plenio [3], and generalized Horodecki states [18] were derived analytically
through pure geometric arguments [15].

Due to the notorious difficulty, some people try to solve the REE problem con-
versely. Let o, be a two-qubit boundary states in the convex set of the separable states.
In Ref. [19], authors derived entangled states, whose CSS are o. This converse pro-
cedure is extended to the qudit system [20] and is generalized as convex optimization

! Since REE is defined through another separable state o, it is called “distance entanglement measure”.
Another example of the distance entanglement measure is a geometric entanglement measure defined as
Eg(¥) = 1 — Pmax, where Pmax is a maximal overlap of a given state |) with the nearest product state
[4-6].
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Fig. 1 (Color online) The schematic diagram of the procedure, by which REE can be computed from
EOF. The polygon at the center is a deformed octahedron [15,16]. Inside and outside of the octahedron
separable and entangled states reside, respectively. The CSS of the entangled state resides at the surface of
the octahedron

problems [21]. However, as emphasized in Ref. [16] still it is difficult to find a CSS o
of given entangled state p although the converse procedure may provide some useful
information on the CSS [17].

In this paper, we will try to find a CSS for given entangled two-qubit state without
relying on the converse procedure. As commented, EOF and REE are identical for
bipartite pure states although they are defined differently. This means that they are
somehow related to each other. If this connection is unveiled, probably we can find
CSS for arbitrary two-qubit mixed states because we already know how to compute
EOF through Wootters procedure. To explore this issue is original motivation of this
paper. We will show in the following that REE of many mixed symmetric states can
be analytically obtained from EOF if one follows the following procedure:

(1) For entangled two-qubit state p, let p = Zj pipj (pj = |¥;){¥;l) be an
optimal decomposition for calculation of EOF.

(2) Since p; are pure states, it is possible to obtain their CSS o;. Thus, it is straight
to derive a separable mixture & = > jPjoj-

(3) If ¢ is a boundary state in the convex set of separable states, the procedure is
terminated with o, = &.

(4) If o is notaboundary state, we consider 7 = gp+(1—¢g)o. By requiring that 77 is a
boundary state, one can fix ¢, say ¢ = qo. Then, we identify o, = gop+(1—go)0o.

This procedure is schematically represented in Fig. 1.
In order to examine the validity of the procedure, we have to apply the procedure
to the mixed states whose REE are already known. Thus, we will choose the Bell-
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diagonal, generalized Vedral-Plenio, and generalized Horodecki states, whose REE
were computed in Ref. [3,16,19] through different methods. Also, we will apply
the procedure to the less symmetric mixed states such as Vedral-Plenio-type and
Horodecki-type states whose REE were computed in Ref. [17] by making use of the
the converse procedure introduced in Ref. [19].

The paper is organized as follows. In Sect. 2, we show that the procedure generates
the correct CSS for Bell-diagonal states. In Sects. 3 and 4, we show that the procedure
generates the correct CSS for generalized Vedral-Plenio and generalized Horodecki
states, respectively. In Sect. 5, we consider two less symmetric states, Vedral-Plenio-
type and Horodecki-type states. It is shown that while the procedure generates a
correct CSS for the former, it does not give a correct one for the latter. In Sect. 6, a
brief conclusion is given. In “Appendix,” we prove that EOF and REE are identical
for all pure states by making use of the Schmidt decomposition. The Schmidt bases
derived in this “Appendix” are used in the main body of this paper.

2 Bell-diagonal states

In this section, we will show that the procedure mentioned above solves the REE
problem of the Bell-diagonal states:

PBD = A1|B1)(Bil+A2|B2) (B2l+43183) (B3| +Aalfa)(Bal 2.0

where Z‘}:] Aj =1, and

1 1
1B1) = —=(100) +|11))  [B2) = —=(|00) — [11))

V2 V2

1 1
= — (|01 1 = —(|01) — [10Y). 2.2
1B3) ﬁ(IO )+ 110))  |Ba) ﬁ(IO ) —110)) (2.2)

The CSS and REE of ppp were obtained in many literatures [3, 16, 17] through various
different methods. If, for convenience, max (A, A2, A3, A4) = A3, the CSS and REE
of pgp are

JTBD=2(1 )I/31)(/31|+ (1 Iﬁz)(ﬁ2|+ 1B3)(B3l+5 ( )|ﬁ4><ﬂ4|

—h(A3) +In2. 2.3)

Er(pBD)

Now, we will show that the procedure we suggested also yields the same result.
Following Wootters procedure, one can show that the optimal decomposition of ppp
for A3 > 1/22% is

4
pep = > piIv PP WP (2.4)

j=0

2qf A3 < 1/2, ppp is a separable state.
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Wherepj = 1/4 (]= 1,...,4) and

W EP) = ValB) +ivazlBa) +V/A3183) + v/ Aal Ba)

= VMIB1) +ivA2lBa) — V/A31B3) — v/aalBa)
B0y = /a1B1) — iva2lB2) + VA3183) — VAalBa)
PPy = Va1lB1) — ivAalB2) — VA31B3) + V/halBa).

All |1ﬁfD) (j = 1,...,4) have the same concurrence C = 2A3 — 1 and, hence, the
same A+ (defined in Eq.7.2) as

- % (\/731 M)z. (2.6)

2.5)

The Schmidt bases of |1ﬁ13 Dy can be explicitly derived by following the procedure
of “Appendix,” and the result is

|oA>=i[(M+JT4)|0>+(JAT—i 32) 1]

I14) = N—i[(ﬂ—\/ﬁ)ww(m—i/ﬁ)uﬂ

05) = 1+ [(Var+iv32) 10) + (VI= 2+ V/as) D]
im0 - (V—n-vm)m]. en

1p) =

where the normalization constants N are

Ny = /Nﬁ (VI=% £ V). 2.8)

Thus, the CSS of | lB Dy say o1, can be straightforwardly computed by making use
of Eq.(7.6);

01 = A+[040B)(040|+A-[141p){141p]

pit vy opvo

_ 1 wrve dy o opptopvy
=— 1" * ; (2.9
4(1—=2x3) | & v M d-  pv-
(W™ pwrvp wrvo ppt
where
w=+VA+ivi ve =21 —-23)V/A3 £V

de = (1 =23+ Xg) £4(1 — A3) VA3Ag. (2.10)
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Similarly, one can derive the Schmidt bases for other | ]B Dy (j =2,3,4) and the

corresponding CSS o;. Then, one can show that the separable state 6 = zz}: 1 PjOj
with p; = 1/4 for all j is

MM+ A2 0 0 Al — A2
- 1 0 1 —A34+ X4 A+ Ao 0
= 2.11
TTaa-m| o MAr 1=+ a 0 1D
Al — A 0 0 A+ A

This is a boundary state in the convex set of the separable states, because the minimal
eigenvalue of its partial transposition, say ', is zero. Thus, the procedure mentioned
in the Introduction is terminated with identifying o, = &. In fact, it is easy to show
that & is exactly the same with wpp in Eq.(2.3). Thus, the procedure we suggested
correctly derives the CSS of the Bell-diagonal states.

3 Generalized Vedral-Plenio state

In this section, we will derive the CSS of the generalized Vedral-Plenio (GVP) state
defined as

pvp = A11B3)(B31+A2|01) (01[+A3[10)(10] (A1 +224+23=1)  (3.1)

by following the procedure mentioned above. In fact, the CSS and REE of the GVP
were explicitly derived in Ref. [16] using a geometric argument, which are

A A
T = (71 + xz) |01)(01]+ (71 +/\3) 110)(10]|

A
Er(pup) = h (71 + ?»2) — h(A) (3.2)
where .
As =7 [1 A+ (A — M)ﬂ : (3.3)
Now, we define
0= MAL b:_()uz—)g)«/[\_;,_l\_ e MA_
VA4 (2 — 43)2 VA (2 = 43)2 VAL A+ (2 — 43)2

3.4)
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and Q% = 2[(a — ¢)* + 4b* — (a — ¢)\/(a — )% + 4b2]. We also define the

unnormalized states |vi) = y/A+|A+), where |[Ay) are eigenstates of pyp;

1
Ay) =+ [(\/x% + 02— 13)> + (2 — x3>) 01) + A1 |10>}
AL) = % [mon - (\/A% + 02— 13)> + (2 — m) |10>] (3.5)

In Eq. (3.5), N is a normalization constant given by

N2 =2/12 + G — 1302 [m + (=43 + (o — x3)] SRV

Then, following Ref. [9], the optimal decomposition of p,, for EOF is p,, = Z?:l
pilvYP) (P, where py = pr = 1/2 and

" = [20—i {Via—eP 452 — @ - o} ] (vs) +iv-))
yYP) = _5’ [219 +i {\/(a Z 2442 — (a— c)}] (lvs) —ilv_)). (3.7)

Following “Appendix,” one can derive the CSS for WJVP) directly. Then, one can

realize that |1//1V Py and |1ﬁ2V Py have the same CSS, which is identical with 7yp- Thus,
the procedure also gives a correct CSS for the GVP states.

4 Generalized Horodecki states

In this section, we will show that the procedure also generates the correct CSS for the
generalized Horodecki states

pr = A11B3) (B3] + 22/00) (00 4+ A3|11)(11] 4.1)

with A; + A2 + A3 = L and A1 > 2+/A2A3.2 The CSS and REE of pp were derived in
Ref. [16] using a geometrical argument, and the results are

A1+ 222) (kg + 22 A+ 242)2
g = P EDREZ, gy g P22 ) o)

A+ 213)2
+¥|11>(11|

A
Er(og) =XiInky +AxInky + A3InAsz +2h (71 +)»2) —AIn2. 4.2

S (I 2./X2A3, pg becomes a separable state.
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Following Ref. [9], one can straightforwardly construct the optimal decomposition
of py for EOF, which is py = zjzl p,-|1//;’><w;‘1|, where p; = pp = p3 = 1/3
and

1y = VA1B3) + VA2100) + V/as3]11)
1Yl = Vh1B3) + VA2e?73100) + /aze 2311

1WaT) = Va1lBs) + Vaae' P 100) + /aze A1), 4.3)
In order to treat WJH ) as an unified manner, let us consider |[¢) = +/A1]B3)
+ V/22€100) 4+ /A3¢7|11). Then, A defined in Eq.(7.2) is
2
R+ (V2 + VA
At :( ( 22 3)) (4.4)

where R = \/2)\.1 + («/)\ — «/)»3)2. Since A4 is independent of 6, this fact indi-
cates that A4 of |1ﬂ]H ) are equal to Eq.(4.4) for all j. Following “Appendix,” it is
straightforward to show that the Schmidt bases of |¢) are

Al — (VA2 — V23) it
|0A>:\/R[R—(\/X_—«/X_3)]|O)+/ R 1)

)‘1 R + (" NV ) —10
[14) = 10) +
R[R+ (VA2 — V43)] 2R
0) = €?104) [15) = —€?|14). 4.5)
Then, the CSS oy of |) is
0p = A4+1040B)(040p[+A_[141p)(1415]
)»1-22)»2 _ 2)»# Aei@ Aei@ %6.21'0
— Aeile Z)Lﬁ % 5919 (4 6)
o Ae~t0 ;ﬁ 2)‘—‘2 Be'? ’
2);26721‘9 Be— 19 Be—i? % _ %

where

A= 4Rz Y [V (Vi i) (v - 200
- 4R2 [zf + (Va2 +vas) (1 = 2v/am) |- @.7)

Thus, the CSS o of |y JH ) can be obtained by letting 6 = 0, 27 /3, 477 /3, respectively.
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Then, & = Y 0_, pjo; with p; = 1/3 (j = 1,2, 3) reduces

A1+240 Al
o 000 0
A A
- 0 Sl 2L 0
o = 0 2AR; 2{‘; 0 4.8)
2R?2 2R? M2 N
1 3 1
0 0 0 == 3RZ

However, ¢ is not a boundary state in the convex set of the separable states, because
the minimum eigenvalue of &' is positive. Thus, we define

ox=x0+{—x)pg. 0O<x<1) 4.9)

The condition that the minimum eigenvalue of o is zero fixes x as

N i (M + 2\//\7\3) . (4.10)

~ 2y

Inserting Eq. (4.10) into oy, one can show that o, reduces to . Thus, our procedure
gives a correct CSS for the generalized Horodecki states.

5 Less symmetric states

In the previous sections, we have shown that the procedure generates the correct CSS
and REE for various symmetric states such as Bell-diagonal, GVP, and generalized
Horodecki states. In this section, we will apply the procedure to the less symmetric
states.

5.1 Vedral-Plenio-type state
The first quantum state we consider is
31 = A|01)(01|+A3|10)(10]+D (]01)(10]+]10)(01]) , 5.1

where Ay + A3 =1, Ay > Az, and 0 < D < JAyAs3. Of course, if Ay = )‘7‘ + A2,
A3z = %1 + A3, and D = )‘71, X reduces to pyp in Eq.(3.1). Thus, we call X; as
Vedral-Plenio-type state.

In order to apply the procedure to X1, we introduce

2D
R=+(Ar— A3)2+4D? tan2) = ——— —
Ay — As
1 1
Al = 5[(A2+A3)+R] Ay = 5[(A2+A3)—R]
In1) = cos0]01) + sin#]10) |A2) = sin@]01) — cosH]10). (5.2)
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Applying Ref. [9], it is possible to derive the optimal decomposition of X for EOF;
Xy = pilwi)(wil+p2wz) (wal, where

1[1+ AZ_A3} 1[1 AZ_A3] (5.3)
= — _ D = — B —— .
=Ll T Asane) T2l T Jicane

and

jwn) = [(MM@ 1-) Varla) + (VErn- = VEony) Vsl
|w2)=y—_[(\/§+77— Vé- 77+) Vil — (\/5+7}++H) \/EPQ)]

5.4)
In Eq.(5.4) &4, n4, and V4 are

£+ = RVA2A3 £ D (A2 + A3) n+ =+ A2A3(1 —4D?) + D (A; — A3z)
V2 = 2A,A5R [\/1 4D + (Ay — A3)] . (5.5)

Following “Appendix,” one can derive the CSS o7 and o7 of |w1) and |wy) after
long and tedious calculation. The final results are

~ |:0059\/)»—1(«/5+77++\/§—’7—) +sinfv/o (VEn- — VE "’“)} 101)(01]
= Vi
N |:sin9\/ﬂ(«/_“§+n++«/_§n) —cosOy/Aa (VEM- — VE- n+)} 110)(10]
Vi
3 |:cos9«/ﬂ(\/§+77 —VE1y) —sin0v/hs (VEny +VE - ):| |01)(01]
- 3
) |:sin6\//\_1(«/§+77— VE-+) +cos 0/ (VEn+ + vE-N- )} 110)(10|
- .
(5.6)
Then, 6 = pjo1 + p202 simply reduces to
& = A2|01)(01]+A3]10)]10). 5.7)

This is manifestly boundary state in the convex set of separable states. Thus, the
procedure states that & is a CSS of X. This is exactly the same with theorem 1 of
Ref. [17].
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5.2 Horodecki-type state

The second less symmetric quantum state we consider is

Yy =

A
0
0 (5.8)
0

o x» o
ox o
=Nl

Ay

where A| + A4 +2A = land VAjA; < D < A If A =D = 1/2, A] = Ay,
and A4 = A3, X reduces to py in Eq.(4.1). Thus, we call ¥, as Horodecki-type
state. Applying Ref. [9], one can derive the optimal decomposition of X, for EOF as
¥ = Z§=1 pjlhj), where p; = 1/4 for all j and

Ih1) = VAT DIB3) + A = D|Bs) + /A1 100) + /Ag|11)

lh2) = VA + D|B3) + VA — D|Bs) — VA[]00) — /A4|11)

|h3) = ~/A + D|B3) — N/A = D|B4) + i/ A1|00) — i/A4l11)

lha) = VA + DIB3) — VA= D|s) — i/A|00) +iy/Aslll).  (5.9)

In order to consider |h;) (j =1,...,4) all together, we define

lo1) = VA + D|B3) + VA — D|Ba) + €'/A1100) + ¢/ A411)
l92) = /A + D|B3) — VA — DIBa) + ¢'//A1100) + e~/ A4]11). (5.10)

For |¢1), the Schmidt bases are

1
104) = E_«/E(«/A—D«/1+C+JA+D«/1—C) 10)

+e{(Var +VAy) VTHC - (VAT - Vag) vi=c} |

1
2Z_

+e_i6; {(JE+JT4)JH_C+ (@—m) M} m
0g) = ﬁ[«/ﬁe” {«/A—Ir—D (\/AT+\/A7) +ﬂ(\/A>1—\/A7)} 10)

[14) =

ﬁ(«/A—D«/1+C—«/A~I—D«/1—C)|O)

+{-@i—ap+2v/e-pr e Vi-el

| Ve (VA D (VA + V) AB (/A o

1) = —
[1p) 7z

+{—(Al—A4)+z\/A2—Dz—J1—02}|1> , (5.11)
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where C =2 (D — /A1 A4) and
1
23::5\/1—(22 [\/1—c2¢(A1 —A4)j:2\/A2—D2]. (5.12)
Thus, the CSS o1 (0)of |¢1) is

VI+C+J1-C
01(0) = >

2
) [0408)(0403]

2
JI+C—-J1-C
+( + ) 11al5){1al5]. (5.13)

2

Similarly, it is straightforward to derive the CSS 02 (0) of |¢2). Then, one can show

1:15%[01(0)4-01(7[)4-02(%)4-62 (—%)]
ai 00 0
(8 ‘ Z 8 (5.14)
0 00 as
where
a1=4(1%02):(1+C)(\/A>1+\/A>4)2+(1—C)<\/A>1—\/A>4)2

+2(1 = C%) (A — Ag)

a ;—<1+c>(JAT+/A7)2+<1—@(JAT—\/AT)Z

T 41—

—2(1 = C?) (A1 — Ag)

1
0= 30"y 1+O@A-D)+1-0)A+D)]
g 2A«/A1A41—t?2(141 +A4)' (5.15)

One can s?ow thatif A = D = A1/2, A1 = Ay, and A4 = A3, [T reduces to Eq. (4.8).
Since IT is not a boundary state in the set of separable states, we define

I, = x4+ (1 — x)%s. (5.16)
Then, the CSS condition of IT, is

[x (@1 — A1) + A1][x (a4 — Ag) + As) = [x(d — D) + DJ*. (5.17)
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In the Horodecki state limit, Eq.(5.17) gives a solution (4.10). Using a; — A1 =
ay—Ay=—(a—A)= f/(1 —=C*)andd — D = g/(1 — C?) where

f=C(D—-AC) g=C(CD - A), (5.18)

the solution of x, say x = x,, can be obtained by solving the quadratic equation (5.17).
Inserting x = x, in Eq. (5.16), one can compute [T, explicitly, which is a candidate
of CSS for X».

The CSS of X, was derived in the theorem 2 of Ref. [17] by using the converse
procedure introduced in Ref. [19]. The explicit form of the CSS is

1 00 0
0 r y O
=0y 0o (5.19)
000 ry
where
1
n= [2A1(A1 + A)(A] + As + Ag) — DX(A — A) + A]
1
ra=— [2A4(A2 + A)(A| + Ay + Ag) + D*(A — Ag) + A]
1
r== [2041 + 42) (42 + AD(A1 + 4> + Ag) — D2(41 +24 + Ap) — A
(5.20)
and y = /r1r4. In Eq.(5.20), D and A are
F=2(A1+A+ A4+ D)(A1 + A2+ Ay — D)
A = DVD2(A; — Ay)? +4A1Ag(A] + A2) (A + Ay). (5.21)

Our candidate ITy|,—x, does not coincide with the correct CSS rs,. Thus, the pro-
cedure does not give a correct REE for X, although it gives correct REE for Bell-
diagonal, GVP, generalized Horodecki, and Vedral-Plenio-type states.

6 Conclusion

In this paper, we examine the possibility for deriving the closed formula for REE in
two-qubit system without relying on the converse procedure discussed in Ref. [19-
21]. Since REE and EOF are identical for all pure states in spite of their different
definitions, we think they should have some connection somehow. In this context, we
suggest a procedure, where REE can be computed from EOF. The procedure gives
correct REE for many symmetric states such as Bell-diagonal, GVP, and generalized
Horodecki states. It also generates a correct REE for less symmetric states such as .
However, the procedure failed to produce a correct REE for the less symmetric states
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Y. This means our procedure is still incomplete for deriving the closed formula of
REE.

We think still the connection between EOF and REE is not fully revealed. If this
connection is sufficiently understood in the future, probably the closed formula for
REE can be derived. We hope to explore this issue in the future.
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7 Appendix

In this section, we will show that REE and EOF are identical for two-qubit pure states.
This fact was already proven in Theorem 3 of Ref. [3]. We will prove this again more
directly, because explicit Schmidt bases are used in the main body of the paper.

Let us consider a general two-qubit pure state [Y2) ap = «1]00) + 2|01) + «3]10)
+ ag|11) with |a1|> + |eaa> + |a3|® + |aal> = 1. Then, its concurrence is
C =2|ajog — apas|. Now, we define

afar + 3oy y ha = (ot * + |3 )
Bt e e e AN

X4+ = ./\/i Nj: (7.1)

where
1
re =3 [12V1-C] NZ = lafor + ofasl + s — (e P + s (7.2)

Now, we consider 2 x 2 matrix u, whose components u;; are

i 2 |x_|2) (x+y+ xiy_)
U = o + + +
<4/,\+ N/ NN/
Xpyp o X y*) (|y+|2 |y|2)
Uip = o] + + o + (7.3)
( NN/ NN/
x i |? |x_|2) (xiy+ Xty )
U1 = o3 + +aq +
(4/,\+ N/ N/
X+ yi xy*) (Iy+|2 Iy—lz)
Uz = a3 + + a4 +—)-
( N/ N/ i
Then, Schmidt bases for each party are defined as
1 1
lia) =D vjilj) lig) =D wixlk) (i =0,1) (7.4)
=0 k=0
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*k k
v = (”“ ”12) (x+ x‘) w = (xjg y:). (7.5)
uzr u Y+ y- RO,
Using Eq.(7.4), one can show straightforwardly that |y»)4p reduces to |Y2)ap =

VA+1040B8) + /A_|141p). Thus, its CSS o, are simply expressed in terms of the
Schmidt bases as

where

0x = A4|0405){(040p[+A_|141p)(141p]. (7.6)

Applying Eq. (1.1), one can show easily Eg(|¥2)) = —A4InAy —A_InA_, whichis
exactly the same with EOF.
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